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ON LOCAL PROPERTIES OF HOCHSCHILD
COHOMOLOGY OF A C∗- ALGEBRA
EBRAHIM SAMEI
Abstract. Let A be a C∗-algebra, and let X be a Banach A-bimodule.
B. E. Johnson showed that local derivations from A into X are deriva-
tions. We extend this concept of locality to the higher cohomology of a
C
∗-algebra and show that, for every n ∈ N, bounded local n-cocycles
from A(n) into X are n-cocycles.
The study of the local properties of Hochschild cohomology of a Banach
algebra was initiated by introducing the concept of “local derivations”. Let
A be a Banach algebra, and let X be a Banach A-bimodule. An operator
D : A → X is a local derivation if for each a ∈ A, there is a derivations
Da : A → X such that D(a) = Da(a). This concept was introduced inde-
pendently by R. V. Kadison [5] and D. R. Larson [6] and it has been inter-
ests of studies since then. Kadison’s motivation was based on his and J. R.
Ringrose’s earlier investigation of Hochschild cohomology of various operator
algebras, whereas Larson’s motivation was to investigate algebraic reflexivity
(resp. reflexivity) of the linear space of derivations (resp. bounded deriva-
tions) from a Banach algebra. Local derivations have been investigated for
various classes of Banach algebras such as operator algebras, Banach oper-
ator algebras, group algebras, and Fourier algebras (see [3], [8], [9] and the
references therein).
In [5], Kadison showed that bounded local derivations from a von Neu-
mann algebra into any of its dual bimodules are derivations. He then raised
the question of whether the preceding result can be extended to the local
higher cohomology. The purpose of this article is to answer affirmatively to
this question in more general setting. We show that if A is a C∗-algebra and
n ∈ N, then bounded local n-cocylces from A(n) into any Banach A-bimodule
are n-cocycles. This has already been obtained by B. E. Johnson in [4] for
the case n = 1. Our approach is as follow:
Let A be a Banach algebra, let X be a Banach A-bimodule, and let n ∈ N.
In Section 2, we introduce certain n-linear maps from A(n) into X which are
more general than local n-cocycles. We call them n-hyperlocal maps. We
show that in order to characterize bounded local n-cocycles from A(n) into
X, it suffices to first extend them to A♯(n), where A♯ is the unitization
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of A, and view them as n-hyperlocal maps from A♯(n) into X. Then, by
imposing certain conditions, one can obtain the result. As it is shown in
Proposition 2.2, the advantage of this technique is that we can “transfer the
information” from the lower cohomology to the higher one if we consider
n-hyperlocal maps rather than local n-cocycles.
In Section 3, we apply these ideas to hyper-Tauberian algebras. These
algebras were introduced and studied in [9] because of their useful local
properties. By using the results of the preceding section, together with
the properties of hyper-Tauberian algebras, we show that bounded local
n-cocycles from A(n) into X are n-cocycles when A is a hyper-Tauberian
algebra.
In Section 4, we first show that every commutative C∗-algebra is a hyper-
Tauberian algebra. We then apply the results of Section 3 to obtain our
result for a general C∗-algebra. Finally, in the last section, we give a char-
acterization of amenable C∗-algebras in terms of the 1-hyperlocal maps.
1. Preliminaries
Let X and Y be Banach spaces. For n ∈ N, let X(n) be the Cartesian
product of n copies of X, and let Ln(X,Y ) and Bn(X,Y ) be the spaces of
n-linear maps and bounded n-linear maps from X(n) into Y , respectively.
Let A be a Banach algebra, and let X be a Banach A-bimodule. An
operator D ∈ L(A,X) is a derivation if for all a, b ∈ A, D(ab) = aD(b) +
D(a)b. For each x ∈ X, the operator adx ∈ B(A,X) defined by adx(a) =
ax − xa is a bounded derivation, called an inner derivation. Let Z1(A,X)
and Z1(A,X) be the linear spaces of derivations and bounded derivations
from A into X, respectively. For n ∈ N and T ∈ Ln(A,X), define
δnT : (a1, . . . , an+1) 7→ a1T (a2, . . . , an)
+
n∑
j=1
(−1)jT (a1, . . . , aj−1, ajaj+1, . . . , an+1)
+ (−1)n+1T (a1, . . . , an)an+1.
It is clear that δn is a linear map from Ln(A,X) into Ln+1(A,X); these
maps are the connecting maps. The elements of ker δn are the n-cocycles; we
denote this linear space by Zn(A,X). If we replace Ln(A,X) with Bn(A,X)
in the above, we will have the ‘Banach’ version of the connecting maps; we
denote them with the same notation δn. In this case, δn is a bounded
linear map from Bn(A,X) into Bn+1(A,X); these maps are the bounded
connecting maps. The elements of ker δn are the bounded n-cocycles; we
denote this linear space by Zn(A,X). It is easy to check that Z1(A,X) and
Z1(A,X) coincide with our previous definition of these notations.
Let A be a Banach algebra, and let X be a Banach A-bimodule. By [2,
Section 2.8], for n ∈ N, the Banach space Bn(A,X) turns into a Banach
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A-bimodule by the actions defined by:
(a ⋆ T )(a1, . . . , an) = aT (a1, . . . , an);
(T ⋆ a)(a1, . . . , an) = T (aa1, . . . , an)
+
n∑
j=1
(−1)jT (a, a1, . . . , ajaj+1, . . . , an)
+ (−1)n+1T (a, a1, . . . , an−1)an.
In particular, when n = 1, B(A,X) becomes a Banach A-bimodule with
respect to the products
(a ⋆ T )(b) = aT (b) , (T ⋆ a)(b) = T (ab)− T (a)b.
Let Λn : B
n+1(A,X)→ Bn(A,B(A,X)) be the identification given by
(Λn(T )(a1, . . . , an))(an+1) = T (a1, . . . , an+1).
Then Λn is an A-bimodule isometric isomorphism. If we denote the con-
necting maps for the complex Bn(A, (B(A,X), ⋆)) by ∆n, then we can show
that
Λn+1 ◦ δ
n+1 = ∆n ◦ Λn.
2. n-hyperlocal maps and local n-cocycles
Definition 2.1. Let A be a Banach algebra, and let X be a Banach A-
bimodule. For n ∈ N, let T be an n-linear map from A(n) into X.
(i) T is n-hyperlocal if, for a0, . . . , an+1 ∈ A,
a0a1 = a1a2 = · · · = anan+1 = 0 implies a0T (a1, . . . , an)an+1 = 0.
For n = 1, 1-hyperlocal maps are simply called hyperlocal maps or hyperlocal
operators.
(ii) T is a local n-cocycle if, for each a˜ = (a1, . . . , an) ∈ A
(n), there is an
n-cocycle Ta˜ from A
(n) into X such that T (a˜) = Ta˜(a˜). If, in addition, T is
bounded, we say that T is a bounded local n-cocycle.
It is easy to see that every (local) n-cocycle is a n-hyperlocal map. The
following proposition states some sufficient conditions for a bounded n-
hyperlocal map to be an n-cocycle. This is critical for us to obtain our
result.
Proposition 2.2. Let A be a unital Banach algebra with unit 1 which sat-
isfies the following two conditions:
(i) For every unital Banach A-bimodule X, a bounded operator D : A → X
is a left multiplier if and only if ba = 0 implies D(b)a = 0.
(ii) For every unital Banach A-bimodule X, a bounded operator D : A→ X
is hyperlocal if and only if
D(acb)− aD(cb)−D(ac)b+ aD(c)b = 0
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for all a, b, c ∈ A.
Let X be a unital Banach A-bimodule, let n ∈ N, and let T ∈ Bn(A,X) be
an n-hyperlocal map such that T (a1, . . . , an) = 0 if any one of a1, . . . , an is
1. Then T is an n-cocycle.
Proof. We prove the statement by induction on n. For n = 1, by hypothesis,
T (acb)− aT (cb)− T (ac)b+ aT (c)b = 0
for all a, b, c ∈ A. Since T (1) = 0, by putting c = 1 we get the result.
Now suppose that the result is true for n = k (k ≥ 1). We show that it
is also true for n = k + 1. Let T ∈ Bk+1(A,X) be k + 1-hyperlocal such
that T (a1, . . . , ak+1) = 0 if any one of a1, . . . , ak+1 is 1. We first show that
Λk(T ) ∈ B
k(A,B(A,X)) is k-hyperlocal. Let a0, . . . , ak+1 ∈ A such that
a0a1 = · · · = akak+1 = 0, and put
S = a0 ⋆ Λk(T )(a1, . . . , ak) ⋆ ak+1.
Then S : A → X is a bounded operator. We claim that S satisfies the
following condition:
bc = 0 implies S(b)c = 0. (1)
Let b, c ∈ A such that bc = 0. Then
S(b)c = [a0 ⋆ Λk(T )(a1, . . . , ak) ⋆ ak+1](b)c
= a0(Λk(T )(a1, . . . , ak))(ak+1b)c− a0(Λk(T )(a1, . . . , ak))(ak+1)bc
= a0T (a1, . . . , ak, ak+1b)c− a0T (a1, . . . , ak, ak+1)bc
= a0T (a1, . . . , ak, ak+1b)c.
However, a0a1 = · · · = ak(ak+1b) = (ak+1b)c = 0, and T is k+1-hyperlocal.
Hence
a0T (a1, . . . , ak, ak+1b)c = 0.
Thus (1) holds, and so, by hypothesis, S is a left multiplier. Therefore
S(a) = S(1)a for all a ∈ A. However,
S(1) = [a0 ⋆ Λk(T )(a1, . . . , ak) ⋆ ak+1](1)
= a0(Λk(T )(a1, . . . , ak))(ak+11)− a0(Λk(T )(a1, . . . , ak))(ak+1)1
= a0T (a1, . . . , ak, ak+1)− a0T (a1, . . . , ak, ak+1)
= 0.
Thus S = 0. Hence Λk(T ) is k-hyperlocal. Let q be the natural quo-
tient mapping from B(A,X) into B(A,X)/BA(A,X), where BA(A,X) is
the space of left multipliers. Since Λk(T ) is k-hyperlocal and q is an A-
bimodule morphism with the ⋆ actions, q ◦Λk(T ) is k-hyperlocal. Moreover,
because of the assumption on T , q ◦ Λk(T )(a1, . . . , ak) = 0 if any one of
a1, . . . , ak is 1. On the other hand, for every T ∈ B(A,X),
1 ⋆ T = T and T ⋆ 1− T ∈ BA(A,X).
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Thus B(A,X)/BA(A,X) is a unital Banach A-bimodule. Therefore, by
the inductive hypothesis, q ◦ Λk(T ) is a k-cocycle. This means that for
a1, . . . , ak+1 ∈ A,
∆k(q ◦ Λk(T ))(a1, . . . , ak+1) = 0.
Hence, from the equation Λk+1 ◦ δ
k+1 = ∆k ◦ Λk,
Λk+1(δ
k+1(T ))(a1, . . . , ak+1) = ∆
k(Λk(T ))(a1, . . . , ak+1) ∈ BA(A,X).
Thus, for every ak+2 ∈ A,
δk+1(T )(a1, . . . , ak+1, ak+2) = [Λk+1(δ
k+1(T ))(a1, . . . , ak+1)](ak+2)
= [Λk+1(δ
k+1(T ))(a1, . . . , ak+1)](1)ak+2
= δk+1(T )(a1, . . . , ak+1, 1)ak+2.
On the other hand, by the assumption on T ,
a1T (a2, . . . , ak+1, 1) +
k∑
j=1
(−1)jT (a1, . . . , ajaj+1, . . . , ak+1, 1) = 0.
Also,
δk+1(T )(a1, . . . , ak, ak+11)− δ
k+1(T )(a1, . . . , ak, ak+1)1 = 0.
Hence δk+1(T )(a1, . . . , ak+1, 1) = 0. Therefore δ
k+1(T ) = 0, and so T ∈
Bk+1(A,X). This completes the proof. 
We are now ready to state the main result of this section. We recall that
the unitization of A is A♯ := A⊕ C with multiplication
(a, λ)(b, µ) = (ab+ aµ+ bλ, λµ)(a, b ∈ A,λ, µ ∈ C),
and norm
‖(a, λ)‖ = ‖a‖+ |λ| (a ∈ A,λ ∈ C).
Thus A♯ is a unital Banach algebra with unit (0, 1) which is denoted by 1 if
there is no case of ambiguity.
Theorem 2.3. Let A be a Banach algebra such that A♯ satisfies conditions
(i) and (ii) of Proposition 2.2. Then, for any Banach A-bimodule X and
n ∈ N, every bounded local n-cocycle T from A(n) into X is an n-cocycle.
Proof. We can extend X to a Banach A♯-bimodule by defining 1x = x1 = x.
Let σ : Ln(A,X)→ Ln(A♯,X) be a linear map defined by
σ(T )(a1 + λ1, . . . , an + λn) = T (a1, . . . , an),
for a1, . . . , an ∈ A and λ1, . . . , λn ∈ C. It is straightforward to check that
T ∈ Ln(A,X) is an n-cocycle if and only if σ(T ) is an n-cocycle. Now let
T ∈ Bn(A,X) be a bounded local n-cocycle, and let (a1+λ1, . . . , an+λn) ∈
A♯(n). By the assumption on T , for a˜ = (a1, . . . , an) ∈ A
(n), there is an
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n-cocycle Ta˜ from A
(n) into X such that T (a1, . . . , an) = Ta˜(a1, . . . , an).
Thus
σ(T )(a1 + λ1, . . . , an + λn) = T (a1, . . . , an)
= Ta˜(a1, . . . , an)
= σ(Ta˜)(a1 + λ1, . . . , an + λn).
Hence σ(T ) is a bounded local n-cocycle, and so it is a bounded n-hyperlocal
map. Moreover,
σ(T )(a1, . . . , an) = 0
if any one of a1, . . . , an is 1. Thus, by Proposition 2.2, σ(T ) is an n-cocycle.
Therefore T is an n-cocycle. 
3. Hyper-Tauberian algebras
Throughout this section, A and B are commutative regular semisimple
Banach algebras with the carrier spaces ΦA and ΦB, respectively. Let I be
a closed ideal in A. The hull of I is
{t ∈ ΦA | a(t) = 0 for all a ∈ I},
and it is denoted by h(I).
LetX and Y be Banach left (right) A-modules. For x ∈ X, the annihilator
AnnA(x) of x is
AnnA(x) = {a ∈ A | ax = 0 (xa = 0)}.
AnnA(x) is clearly a closed ideal in A. The hull of AnnA(x) is called the
support of x (in ΦA), denoted by suppAx. We will write “suppx” instead
of “suppAx” whenever there is no risk of ambiguity. By [7, Lemma 2.1],
t /∈ suppx if and only if there is a compact neighborhood V of t in ΦA such
that, for every element a ∈ A, if supp a ⊆ V , then ax = 0 (xa = 0). In
the case X = A where we regard A as a Banach (left or right) A-module on
itself, the support of an element a ∈ A coincides with the usual definition of
suppa, namely cl{t ∈ ΦA | a(t) 6= 0}.
An operator T : X → Y is local with respect to the left (right) A-module
action if suppT (x) ⊆ suppx for all x ∈ X. We recall from [9, Definition 4]
that A is a hyper-Tauberian algebra if every bounded local operator from A
into A∗ is a multiplier. If A is unital, then the definition of hyper-Tauberian
algebras coincides with the definition of (SD) algebras introduced in [11].
Let A and B be Banach algebras, and let X be both a Banach left A-
module and a Banach right B-module such that for all a ∈ A, b ∈ B and
x ∈ X, a(xb) = (ax)b. Then we write X ∈ A − mod −B. If, in addition,
X is essential both as a Banach left A-module and Banach right B-module,
then we write X ∈ ess. A−mod−B.
Definition 3.1. Let A and B be Banach algebras, and let X,Y ∈ A −
mod −B. An operator D : X → Y is hyperlocal with respect to A-mod-B
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actions if, for all a ∈ A, b ∈ B and x ∈ X,
ax = xb = 0 implies aD(x)b = 0.
The preceding definition was introduced in [10] in order to extend the
concept of locality for operators in the non-commutative setting (see also
[3]). It is easily seen that, for commutative C∗-algebras, this locality condi-
tion coincides with the usual one. However, as it is shown in Remark 3.4, in
general the concept of being hyperlocal is weaker than the concept of being
local.
In the following proposition, we use the properties of hyper-Tauberian
algebras to characterize bounded hyperlocal operators that are defined from
essential modules over these algebras.
Proposition 3.2. Let A and B be hyper-Tauberian algebras. Then, for all
X,Z ∈ ess. A−mod−B and Y ∈ ess. B −mod−A,
(i) a bounded operator D : X → Y ∗ is hyperlocal if and only if
D(axb)− aD(xb)−D(ax)b+ aD(x)b = 0
for all a ∈ A, b ∈ B and x ∈ X.
(ii) If A and B have bounded approximate identities, then the result in (i)
is also true for all bounded hyperlocal operators from X into Z.
Proof. (i) First assume that Y = B⊗̂A, where the B-mod-A actions on
B⊗̂A are specified by
d(b⊗ a) = db⊗ a , (b⊗ a)c = b⊗ ac (a, c ∈ A, b, d ∈ B).
Let D : X → (B⊗̂A)∗ be a bounded hyperlocal operator, and let x ∈ X and
a ∈ A. Define the bounded operator D˜ : B → (B⊗̂A)∗ by
D˜(b) = D(axb)− aD(xb) (b ∈ B).
We claim that D is local with respect to right B-module action. Let b ∈ B
and t /∈ suppB b. There is a compact neighborhood V of t (in ΦB) such that
V ∩ suppB b = ∅. Let c ∈ B with suppB c ⊆ V . By the regularity of B, there
is e ∈ B such that e = 1 on V and e = 0 on suppB b. So
ec = c and eb = 0. (1)
Put
K0(V ) = span{n⊗m | m ∈ A ,n ∈ B and n = 0 on ΦB \ V }.
Since e = 1 on V , for all θ ∈ (B⊗̂A)∗,
θe− θ = 0 on K0(V ). (2)
Let z ∈ X, and define the bounded operator T : A→ (B⊗̂A)∗/K0(V )
⊥ by
T (u) = D(uzb) +K0(V )
⊥ (u ∈ A).
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Let h ∈ A such that hu = 0. Then, from (1), huzb = 0 = uzbe. Since D is
hyperlocal, hD(uzb)e = 0. Hence, from (2),
hT (u) = hD(uzb) +K0(V )
⊥
= hD(uzb)e +K0(V )
⊥
= 0.
In particular, T is local with respect to left A-module action. Since
(B⊗̂A)∗/K0(V )
⊥ ∼= K0(V )
∗,
and K0(V ) is an essential Banach right A-module, from [9, Proposition 3],
it follows that T is a right multiplier. Therefore T (uv) = uT (v) for all
u, v ∈ A. Hence, if we put u = a, then D(avzb)−aD(vzb) ∈ K0(V )
⊥. Thus,
from essentiality of X, we have
D˜(b) = D(axb)− aD(xb) ∈ K0(V )
⊥.
Therefore D˜(b)c = 0, since suppB c ∈ V . This means that t /∈ suppB D˜(b),
and so D˜ is a bounded local operator. Hence, from [9, Proposition 3], D˜ is
a left multiplier. Thus D˜(bd) = D˜(b)d for all b, d ∈ B. Therefore
D(axbd)− aD(xbd) = D(axb)d− aD(xb)d.
The final result follows from the essentiality of X.
Now consider the general case. Let y ∈ Y and define Sy : Y
∗ → (B⊗̂A)∗ by
〈Sy(y
∗) , b⊗ a〉 = 〈y∗ , bya〉 (a ∈ A , b ∈ B , y∗ ∈ Y ∗).
It is easy to see that Sy is both a bounded left A-module morphism and a
bounded right B-module morphism, and so Sx ◦D is a bounded hyperlocal
operator from X into (B⊗̂A)∗. Thus, for all a ∈ A, b ∈ B, x ∈ X and
y ∈ Y ,
Sy[D(axb)− aD(xb)−D(ax)b+ aD(x)b] = 0.
Hence, for all c ∈ A and d ∈ B,
〈D(axb)− aD(xb)−D(ax)b+ aD(x)b , dyc〉 = 0.
The final results follows from the essentiality of Y ,
(ii) Let {eα}α∈Λ and {fβ}β∈Ω be bounded approximate identities for A and
B, respectively. Similar to the argument made in (i) (by replacing Z with
Z∗∗), we can show that
c[D(axb) − aD(xb)−D(ax)b+ aD(x)b]d = 0 (3)
for all a, c ∈ A, b, d ∈ B and x ∈ X. On the other hand, since A and B
have bounded approximate identities, by Cohen’s factorization theorem [1,
Theorem 11.10], there are e ∈ A, f ∈ B and z ∈ Z such that
D(axb)− aD(xb)−D(ax)b+ aD(x)b = ezf.
So we have the final result if we put c = eα and d = fβ in (3), and let
α, β →∞. 
ON LOCAL PROPERTIES OF HOCHSCHILD COHOMOLOGY OF A C∗- ALGEBRA 9
Theorem 3.3. Let A be a hyper-Tauberian algebra, and let X be a Banach
A-bimodule. Then, for n ∈ N, every bounded local n-cocycle T from A(n)
into X is an n-cocycle.
Proof. LetA♯ be the unitalization ofA. By [9, Corollary 10], A♯ is hyper-Tauberian.
Therefore, by [9, Proposition 3] and Proposition 3.2, A♯ satisfies the condi-
tions (i) and (ii) of Proposition 2.2. Hence the result follows from Theorem
2.3. 
Remark 3.4. Let T be the unit circle, and let A := A(T) be the Fourier
algebra on T. It is shown in [9, Remark 24(ii)] that there is a closed ideal I
in A such that I is weakly amenable but I is not hyper-Tauberian. Hence
there are bounded local operators from I into I∗ which are not multipliers.
However, this is not the case if we consider bounded hyperlocal operators.
To see this, let D : I → I∗ be a bounded hyperlocal operator. First, we
show that D is hyperlocal with respect to A-bimodule actions. Let a, b ∈ A
and c ∈ I such that ac = cb = 0. Take e, f ∈ I. Then ea, bf ∈ I and
(ea)c = c(bf) = 0. Thus eaD(c)bf = 0. Hence aD(c)b = 0 on I3. However,
I is weakly amenable, and so, by [2, Theorem 2.8.69(ii)], I2 is dense in I.
Hence aD(c)b = 0. Therefore D is hyperlocal with respect to A-bimodule
actions. On the other hand, A is a hyper-Tauberian algebra [9, Proposition
18]. Hence, from Proposition 3.2, for all a, b ∈ A and c ∈ I,
D(abc)− aD(bc)−D(ab)c+ aD(b)c = 0. (1)
Define the bounded operator D : I → BI(I, I
∗) by
D(a)(b) = D(ab)− aD(b) (a, b ∈ I).
From (1), it is easy to verify that D is well-defined. Moreover, upon setting
〈a · S , b〉 = 〈S · a , b〉 = 〈S , ab〉,
the space BI(I, I
∗) becomes a symmetric Banach I-module and D becomes
a bounded derivation from I into BI(I, I
∗). Hence D = 0 since I is weakly
amenable. Thus D is a multiplier.
4. C∗-algebras
It follows from the works of B. E. Johnson that C0(R) is a hyper-Tauberian
algebra [4, Proposition 3.1]. One the other hand, Shulman showed that
every unital commutative C∗-algebra is hyper-Tauberian [11]. We extend
these results by showing that C0(Ω) is hyper-Tauberian for every locally
compact topological space Ω. For the sake of completeness, we first prove it
for the case when Ω is compact.
Theorem 4.1. Let Ω be a locally compact topological space. Then C0(Ω) is
a hyper-Tauberian algebra.
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Proof. First consider the case when Ω is compact. Let T : C(Ω) → C(Ω)∗
be a bounded local operator. First we show that T satisfies the following
condition:
ab = 0 implies aT (b) = 0. (⋆)
Let a, b ∈ C(Ω) with ab = 0. So if we put E = supp b, then a = 0 on E.
Since E is a closed subset of Ω, E is a set of synthesis (see [2, Definition
4.1.12 and Theorem 4.2.1]). Thus there is a sequence {an} in C(Ω) such
that, for each n, suppan is compact and disjoint from E, and an → a as
n→∞. On the other hand, since T is local and suppan is disjoint from E,
supp an ∩ suppT (b) ⊆ suppan ∩ supp b
= suppan ∩ E
= ∅.
Therefore, since suppan is compact, anT (b) = 0. Hence, by letting n→∞,
we have aT (b) = 0. This proves (⋆). Now let a ∈ C(Ω) be a self-adjoint
element, and let A(a) be the C∗-subalgebra of C(Ω) generated by {a, 1}.
It is well-known that there is a compact subset K of R such that A(a)
is isometrically isomorphic to C(K). In particular, C(Ω) is an essential
and symmetric Banach C(K)-module. Let d ∈ C(Ω) and c ∈ C(K) with
cd = 0. Then, since c ∈ A and T satisfies condition (⋆), cT (d) = 0. Hence
AnnC(K) d ⊆ AnnC(K) T (d), and so suppC(K) T (d) ⊆ suppC(K) d. Therefore
T is local with respect to C(K)-module actions. On the other hand, the
restriction map f 7→ f |K is a bounded algebra homomorphism from C0(R)
onto C(K). Hence, from [9, Theorem 12], C(K) is hyper-Tauberian, and
so, from [9, Proposition 3], T is a C(K)-module morphism. Hence, for each
b ∈ C(Ω), T (ab) = aT (b). The final result follows since C(Ω) is the linear
span of its self-adjoint elements.
We now consider the general case. Let Ω be a locally compact topological
space, and let Ω ∪ {∞} be its one-point compactification. Then, from the
first case, C(Ω ∪ {∞}) is hyper-Tauberian. On the other hand,
C0(Ω) = {a ∈ C(Ω ∪ {∞}) | a(∞) = 0}
and {∞} is a set of synthesis for C(Ω∪{∞}). Thus, from [9, Theorem 7(ii)],
C0(Ω) is hyper-Tauberian. 
We are now ready to obtain our results for C∗-algebras. We start with the
following critical theorem which characterizes bounded hyperlocal operators
defined over essential modules of a C∗-algebra. This was partially obtained
in [10, Theorem 2.2] and [3, Theorem 2.17].
Theorem 4.2. Let A be a C∗-algebra, let X be an essential Banach A-
bimodule, and let Y be an essential or the dual of an essential Banach A-
bimodule. Then a bounded operator D : X → Y is hyperlocal if and only
if
D(axb)− aD(xb)−D(ax)b+ aD(x)b = 0
for all a, b ∈ A and x ∈ X.
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Proof. First assume that Y = (A⊗̂A)∗. Let D : X → (A⊗̂A)∗ be a bounded
hyperlocal operator, and let A♯ be the unitalization of A [2, Definition 3.2.1].
We show that D is hyperlocal with respect to A♯-module actions. Let u, v ∈
A♯ and x ∈ X such that ux = xv = 0. So, for all a, b ∈ A, (au)x = x(vb) = 0.
Thus auD(x)vb = 0. Hence uD(x)v = 0 on A2⊗A2 which is dense in A⊗̂A.
So uD(x)v = 0. Now let c and d be self-adjoint elements in A, and let A(c)
and A(d) be the commutative C∗-subalgebras of A♯ generated by {c, 1} and
{d, 1}, respectively. Clearly D : X → (A⊗̂A)∗ is hyperlocal with respect to
A(c)-mod-A(d) actions. Thus, from Theorem 4.1, for every x ∈ X,
D(cxd)− cD(xd) −D(cx)d+ cD(x)d = 0.
The final result follows since A is the linear span of its self-adjoint ele-
ments. The general case follows from a similar argument made in the proof
of Proposition 3.2. 
Remark 4.3. In the preceding theorem, if we replace the locality condition
that we used in the definition of a hyperlocal operator with the following
condition
ax = 0 implies aD(x) = 0,
then, by a similar argument and using [9, Proposition 3] instead of Propo-
sition 3.2, we can show that D is a left A-module morphism. We can also
have a similar result regrading bounded right A-module morphisms.
Let A be a C∗-algebra which is not unital. We can see that, in general,
our unitization, A♯ = A ⊕1 C, is not a C∗-algebra (as the norm dose not
satisfy the correct condition). However, there is an equivalent norm on A♯
that turns it into a C∗-algebra (see [2, Definition 3.2.1]). Thus we can state
the our main result:
Theorem 4.4. Let A be a C∗-algebra, and let X be a Banach A-bimodule.
Then, for n ∈ N, every bounded local n-cocycle T from A(n) into X is an
n-cocycle.
Proof. The result follows from Theorem 4.2, Remark 4.3 and Theorem 2.3.

5. Hyperlocal operators and Amenable C∗-algebras
In this final section, we present a characterization of cohomological prop-
erties of C∗-algebras, i.e. amenability and weak amenability, with respect
to hyperlocal operators.
Theorem 5.1. Let A be a C∗-algebra, and let X be an essential Banach
A-bimodule. Then a bounded operator D : A→ X∗ is hyperlocal if and only
if there is a derivation D and a right multiplier T from A into X∗ such
that D = D + T . In particular, D is a derivation if and only if weak∗ −
lim
α→∞
D(eα) = 0 for a bounded approximate identity {eα}α∈Λ in A.
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Proof. It is easy to see that all derivations and multipliers are hyperlocal.
On the other hand, let D : A → X∗ be a bounded hyperlocal operator. By
Theorem 4.2, for all a, b, c ∈ A,
D(acb)−D(ac)b− aD(cb) + aD(c)b = 0.
By putting c = eα and letting α→∞ we obtain
D(ab)−D(a)b− aD(b) + lim
α→∞
aD(eα)b = 0.
Since {D(eα)} is bounded, there is x
∗ ∈ X∗ and a subnet {D(eαi)} such that
D(eαi)→ x
∗ in the weak∗ topology. So D(ab)−D(a)b− aD(b) + ax∗b = 0.
Define T : A→ X∗ by T (a) = ax∗ and put D = D−T . It is straightforward
to check that T is a right multiplier and D is a derivation. Finally, D is a
derivation if and only if T is zero. However, it is easy to verify that T is
zero if and only if weak∗ − lim
α→∞
D(eα) = 0. 
We recall that a Banach algebra A is amenable if for any Banach A-
bimodule X, every bounded derivation D : A→ X∗ is inner.
Corollary 5.2. Let A be a C∗-algebra. Then A is amenable if and only if for
any essential Banach A-bimodule X and every bounded hyperlocal operator
D : A→ X∗, there are x∗, y∗ ∈ X∗ such that D(a) = ax∗ − y∗a (a ∈ A).
Proof. Let A be amenable, let X be an essential Banach A-bimodule, and let
D : A→ X∗ be a bounded hyperlocal operator. By Theorem 5.1, there is a
derivation D and a right multiplier T from A into X∗ such that D = D+T .
Since A is amenable, there are y∗ and z∗ in X∗ such that D(a) = ay∗ − y∗a
and T (a) = az∗ for all a ∈ A. Thus D(a) = a(y∗ + z∗)− y∗a. The converse
follows immediately from Theorem 5.1 and [2, Corollary 2.9.27]. 
Corollary 5.3. Let A be a C∗-algebra. Then, for every bounded hyperlocal
operator D : A → A∗, there are x∗, y∗ ∈ A∗ such that D(a) = ax∗ − y∗a
(a ∈ A).
Proof. The result follows from the similar argument to the one made in the
proof of the preceding corollary together with the fact that every C∗-algebra
is weakly amenable [2, Theorem 5.6.77]. 
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